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A two-phonon version of the relativistic quasiparticle time blocking approximation introduces as
a new class of many-body models for nuclear structure calculations based on the covariant energy
density functional. As a fully consistent extension of the relativistic quasiparticle random phase
approximation, the relativistic two-phonon model implies fragmentation of nuclear states over two-
quasiparticle and two-phonon configurations coupled to each other. In particular, we show how
the lowest two-phonon 1− state, identified as a member of the [2+ ⊗ 3−] quintuplet, emerges from
the coherent two-quasiparticle pygmy dipole mode in vibrational nuclei. The inclusion of the two-
phonon configurations into the model space allows a quantitative description of the positions and the
reduced transition probabilities of the lowest 1− states in tin isotopes 112,116,120,124Sn as well as the
low-energy fraction of the dipole strength below the giant dipole resonance without any adjustment
procedures. The model is applied to the low-lying dipole strength in neutron-rich 68,70,72Ni isotopes.
Recent experimental data for 68Ni are reproduced fairly well.
PACS numbers: 21.10.-k, 21.60.-n, 24.10.Cn, 21.30.Fe, 21.60.Jz, 24.30.Gz
I. INTRODUCTION
The theoretical description of nuclear low-lying dipole
strength remains among the most important problems in
nuclear structure and nuclear astrophysics. In contrast
to high-frequency oscillations which evolve very smoothly
with particle numbers, the nuclear response below the
particle emission threshold is quite irregular. This phe-
nomenon reflects a complicated interplay of various struc-
ture mechanisms and provides a sensitive test for micro-
scopic theories which include complex many-body corre-
lations. It has been pointed out that the low-energy en-
hancement of the dipole strength may enhance the radia-
tive neutron capture rates in the r-process of nucleosyn-
thesis [1] with a considerable influence on the elemental
abundance distributions [2]. Since the r-process path is
believed to occur in environments of the extreme neutron
densities, the role of the exotic nuclear structures be-
comes exceedingly important [3, 4]. Recent studies of the
neutron capture rates beyond the standard approaches
[5] have revealed that the rates are sensitive to the fine
structure of the dipole strength distribution around the
neutron emission threshold of neutron-rich nuclei. This
emphasizes the necessity of a precise knowledge about
the low-energy nuclear response and stimulates the effort
from both theoretical and experimental sides.
Measurements of the dipole strength by means of high
resolution nuclear resonance fluorescence [6–11] resolve
the fine structure of the spectra below the neutron thresh-
old. Unique spectroscopic information about the low-
energy dipole strength in neutron-rich medium-mass and
heavy nuclei have been obtained in recent experiments
with Coulomb dissociation [12, 13] and virtual photon
scattering [14]. This offers exciting opportunities for con-
straining the next-generation microscopic nuclear struc-
ture models designed to provide the missing information
about exotic nuclei and to help in the analysis of experi-
mental data.
Measurements of the low-lying dipole strength above
and below the neutron threshold are usually performed
with different nuclear reactions, which have reduced sen-
sitivity in the area around the threshold. Therefore, be-
sides a few exceptions [15–17], a correct comparison of
the calculated low-lying strength with the data is still
problematic. Nevertheless, it is generally agreed that the
low-energy dipole response corresponds to oscillations of
the neutron skin with respect to the isospin saturated
core [18], therefore the resonance-like structure on the
low-energy shoulder of the giant dipole resonance (GDR)
is often called pygmy dipole resonance (PDR). Properties
of this mode of excitation are of special interest as they
are found to be correlated with the neutron skin thick-
ness and with the symmetry energy [19–21], although the
degree of such correlations is not well established yet [22].
The collectivity of the PDR is another subject of
discussions. Self-consistent relativistic (quasiparticle)
random phase approximation (RQRPA) [23, 24] results
mostly in a relatively collective pygmy mode, in contrast
to the results of the non-relativistic approaches [25, 26],
which give usually only incoherent particle-hole transi-
tions below the GDR. On the other hand, in Ref. [27] it
is pointed out that the collectivity of the pygmy mode is
2restored within non-relativistic QRPA calculations with
Skyrme forces when a fully self-consistent scheme is em-
ployed. Hence, exact self-consistency between the mean
field and the nuclear effective interaction is an essential
ingredient for a successful description of the low-lying
dipole strength.
The degree of collectivity is conventionally quantified
by the number of the particle-hole transitions which con-
tribute to a particular excited state. However, this makes
sense only if the approach is, by construction, confined
by the particle-hole configurations. This is the case for
the QRPA, but not for the true wave functions which
have more complicated structure. Since the pygmy dipole
mode has essentially surface nature, it strongly mixes
with other surface modes, especially with the low-lying
ones. Therefore, for an adequate description of the PDR
QRPA is not sufficient and correlations beyond QRPA
should be included. For the relativistic case, a self-
consistent extension of the RQRPA has been developed
in Ref. [28] where the coupling between quasiparti-
cles (q) and vibrational modes (phonons) is included by
means of introducing 2q⊗phonon configurations into the
two-nucleon propagators. Applications of this approach
called relativistic quasiparticle time blocking approxima-
tion (RQTBA) have demonstrated the importance of the
quasiparticle-phonon coupling for the description of the
PDR. It has been found that the pygmy mode, arising
in RQRPA basically as a single state of isoscalar char-
acter near the particle emission threshold, is strongly
fragmented over many states in a broad energy region
when the coupling to phonons is included. As a result,
the major fraction of the strength is located well below
the original position of the RQRPA pygmy dipole mode.
Compared to existing data, the RQTBA describes the
general behavior of the dipole strength below the neu-
tron threshold very reasonably [28–30, 32] and is able to
identify the gross structure peculiarities of the PDR, in
particular, its isospin splitting [31]. However, in order to
account for the fine structure of the spectrum, more cor-
relations should be included in the microscopic model.
For instance, from the investigations of Refs. [6, 33]
within the Quasiparticle-Phonon Model (QPM) [34] one
can conclude that configurations of the two-phonon and
three-phonon types play a noticeable role and it is, there-
fore, desirable to extend the RQTBA with these config-
urations. In particular, the model has to reproduce the
lowest dipole state in vibrational nuclei, which is identi-
fied as a member of the quintuplet [2+1 ⊗ 3
−
1 ]. It was pre-
dicted in Refs. [35, 36] and observed in spectra of spher-
ical medium-mass nuclei. While the 1− member of this
multiplet is accessible by photon scattering experiments
[33, 37–39] and, therefore, relatively well studied, data
on the entire multiplets have been reported in only a few
cases [40, 41]. QPM as well as ”Q-phonon” approach for-
mulated in both bosonic [42] and fermionic [43, 44] con-
figuration spaces describe nuclear excited states of vibra-
tional character by means of interacting bosons. Such
models explain well the physical mechanisms of multi-
phonon excitations, however, they rely on the empirical
input for the phonon constituents.
In the present work, we show, in particular, how two-
phonon states can be described in a self-consistent ap-
proach based on the covariant density functional theory.
The two-phonon version of the quasiparticle time block-
ing approximation (QTBA) proposed in Ref. [46] is em-
ployed to introduce correlations between the two quasi-
particles within the 2q⊗phonon configurations of the con-
ventional RQTBA. In this model, as in the RQTBA, the
quasiparticle-phonon coupling and the pairing correla-
tions are treated on an equal footing and spreading of
the nuclear excited states over two-phonon configurations
appears in the excitation spectra in addition to the so-
called Landau damping of the two-quasiparticle states.
We compare the low-lying dipole strength distribution
obtained within the two-phonon RQTBA (RQTBA-2) to
that obtained within the conventional RQTBA and show
how states of a qualitatively new two-phonon nature
emerge from the single highly-correlated pygmy dipole
modes in vibrational nuclei.
This article is an extended version of the letter in [45];
here more details of the theoretical method are presented
and a more comprehensive analysis of the results is per-
formed.
II. FORMALISM
The response of finite Fermi-systems with even par-
ticle number to an external perturbation is quantified
by the response function which describes the propaga-
tion of the two-quasiparticles in the medium. The exact
propagator includes, ideally, all possible kinds of the in-
medium interaction between two arbitrary quasiparticles
and contains all the information about the Fermi system
that can be, in principle, extracted by various experi-
mental probes whose interaction with the system can be
represented by a single-quasiparticle operator and can be
taken into account in the first order.
The response function R is conventionally described by
the Bethe-Salpeter equation (BSE). The general form of
this equation
R(14, 23) = G(1, 3)G(4, 2)−
−i
∑
5678
G(1, 5)G(6, 2)U(58, 67)R(74, 83), (1)
involves the one-nucleon Green’s function (propagator)
G(1, 2) in the nuclear medium and the effective nucleon-
nucleon interaction U(14, 23). To include pairing cor-
relations we use the formalism of the extended (dou-
bled) space of the single-particle states described in
Ref. [28]. So, the number indices 1, 2, ... include all
single-quasiparticle variables in an arbitrary representa-
tion in this doubled space and time. Respectively, the
summation over the number indices implies an integra-
tion over the time variables. If G is the exact single-
quasiparticle Green’s function, U is the amplitude of the
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FIG. 1: The Bethe-Salpeter equation for the response function R of the many-body system in diagrammatic representation.
The solid lines with arrows denote single-quasiparticle propagators. The integral part is divided into two terms, the small black
circle represents the static effective interaction V˜ and the energy-dependent block W (ω) contains the dynamic contributions
induced by the coupling to phonons.
effective interaction irreducible in the ph-channel. This
amplitude is determined as a variational derivative of the
nucleonic self-energy Σ with respect to the exact single-
quasiparticle Green’s function:
U(14, 23) = i
δΣ(4, 3)
δG(2, 1)
. (2)
Similar to Refs. [28, 46], we decompose both the single-
quasiparticle self-energy Σ and the irreducible effec-
tive interaction U into static Σ˜, V˜ and time-dependent
Σ(e), U (e) parts as
Σ = Σ˜ + Σ(e) (3)
U = V˜ + U (e). (4)
Accordingly, we introduce the uncorrelated response
R˜(0)(14, 23) = G˜(1, 3)G˜(4, 2), where G˜(1, 2) are the
single-quasiparticle mean-field Green functions in the ab-
sence of the term Σ(e) in the self-energy. Then, it can be
shown that the BSE (1) takes the form:
R(14, 23) = G˜(1, 3)G˜(4, 2)−
−i
∑
5678
G˜(1, 5)G˜(6, 2)V (58, 67)R(74, 83), (5)
where V is the new effective interaction amplitude which
is specified below. The well-known quasiparticle random
phase approximation (QRPA) including its relativistic
version (RQRPA) corresponds to the case of V ≈ V˜ ne-
glecting the time-dependent term U (e). More precisely,
in the (R)QRPA the time-dependent term is included in
a static approximation by adjusting the parameters of
the effective interaction V˜ to ground state properties of
nuclei such as masses and radii. In the self-consistent
(R)QRPA the static effective interaction is nothing but
the second variational derivative of the covariant energy
density functional (CEDF) E[R] with respect to the den-
sity matrix R [48]:
V˜ (14, 23) =
2δ2E[R]
δR(2, 1)δR(3, 4)
. (6)
In the approaches beyond the QRPA both static and
time-dependent terms are contained in the residual in-
teractions. In medium-mass and heavy nuclei vibrational
and rotational modes emerge as collective degrees of free-
dom which are strongly coupled to the single-particle
ones. The coupling to low-lying vibrations is known al-
ready for decades [47] as a very important mechanism of
the formation of nuclear excited states and serves as a
foundation for the so-called (quasi)particle-phonon cou-
pling model. Implementations of this concept on the base
of the modern density functionals have been extensively
elaborated in non-relativistic [25, 49–52] and relativistic
[28, 45, 53–55] frameworks.
In the present work we consider the quasiparticle-
phonon coupling model for the time-dependent part of
the nucleonic self-energy Σ(e) and the effective interac-
tion U (e). We consider the BSE (5) in the time blocking
approximation, first proposed in Ref. [46] for superfluid
Fermi systems and elaborated in detail in Ref. [28] for the
relativistic framework. This approximation allows an ex-
act summation of a selected class of Feynman’s diagrams
which give the leading contribution of the quasiparticle-
phonon coupling effects. To apply this method it is con-
venient to write the BSE (5) in the representation in
which the mean-field Green function G˜ is diagonal. In
our case (see Ref. [28] for more details) this representa-
tion is given by the set of the eigenfunctions |ψ
(η)
k 〉 of
the Relativistic Hartree-Bogoliubov (RHB) Hamiltonian
HRHB satisfying the equations [56]:
HRHB |ψ
(η)
k 〉 = ηEk|ψ
(η)
k 〉, HRHB = 2
δE[R]
δR
, (7)
where Ek > 0, the index k stands for the set of the single-
particle quantum numbers including states in the Dirac
sea, and the index η = ±1 labels positive- and negative-
frequency solutions of Eq. (7) in the doubled quasipar-
ticle space. The eigenfunctions |ψ
(η)
k 〉 are 8-dimensional
Bogoliubov-Dirac spinors of the following structure:
|ψ
(+)
k (r)〉 =
(
Uk(r)
Vk(r)
)
, |ψ
(−)
k (r)〉 =
(
V ∗k (r)
U∗k (r)
)
. (8)
Within the time blocking approximation mentioned
above and after performing a Fourier transformation to
the energy domain, the BSE (5) for the spectral repre-
sentation of the nuclear response function R(ω) in the
basis {|ψ
(η)
k 〉} reads:
Rηη
′
k1k4,k2k3
(ω) = R˜
(0)η
k1k2
(ω)δk1k3δk2k4δ
ηη′ +
+R˜
(0)η
k1k2
(ω)
∑
k5k6η′′
V ηη
′′
k1k6,k2k5
(ω)Rη
′′η′
k5k4,k6k3
(ω). (9)
The quantity R˜(0)
R˜
(0)η
k1k2
(ω) =
1
ηω − Ek1 − Ek2
(10)
4describes the free propagation of two quasiparticles with
their Bogoliubov’s energies Ek1 and Ek2 in the relativis-
tic mean field. The interaction amplitude of Eq. (9) con-
tains both static V˜ and dynamical (frequency-dependent)
W (ω) parts (which will be specified below) and reads:
V ηη
′
k1k4,k2k3
(ω) = V˜ ηη
′
k1k4,k2k3
+W ηη
′
k1k4,k2k3
(ω),
W ηη
′
k1k4,k2k3
(ω) =
[
Φηk1k4,k2k3(ω)− Φ
η
k1k4,k2k3
(0)
]
δηη
′
.(11)
The diagrammatic representation of the Eq. (9) is
given in Fig. 1. Notice here, that in outward appearance
this diagrammatic equation written, as in Ref. [28], for
the system with pairing correlations has the same form as
that for the normal (non-superfluid) system. The formal
similarity of the equations for the normal and superfluid
systems is achieved by the use of the representation of
the basis functions |ψ
(η)
k 〉 satisfying Eq. (7). This ba-
sis is a counterpart of the particle-hole basis of the con-
ventional RPA in which the (Q)RPA equations have the
most simple and compact form. In the representation of
the functions |ψ
(η)
k 〉 the generalized superfluid mean-field
Green function G˜ (often called Gor’kov-Green’s function)
has a diagonal form and describes the propagation of the
quasiparticle with the fixed energy. In this diagonal rep-
resentation the directions of the arrows in the fermion
lines of the diagrams (of the type shown in Fig. 1) la-
bel the positive- or the negative-frequency components
of the functions G˜. It should be noted that the so-called
backward-going diagrams corresponding to the ground-
state correlations in the RQRPA are not shown in Fig. 1
though they are included in Eq. (9).
If we come back to the coordinate representation us-
ing Eqs. (8) we get the non-diagonal Green function G˜
for the quasiparticle which has no definite energy. In
the diagrammatic language this Green function can be
represented by the 2×2 block matrix shown in Fig. 2.
The matrix elements of this matrix are the normal and
anomalous Green functions of the conventional Gor’kov
theory. In this representation it is clearly seen that the
difference between the normal and the superfluid systems
is that in the latter case all the quantities acquire ad-
ditional components in the doubled quasiparticle space.
Obviously, all these components are incorporated in the
representation of the functions |ψ
(η)
k 〉 in the implicit form.
On the other hand, the use of the basis {|ψ
(η)
k 〉} allow us
to reduce by a factor of 2 the dimension of the system of
the equations for the response function. This property of
the diagonal representation of the superfluid mean-field
Green functions has been already utilized in our previous
papers (see, e.g., Refs. [28, 46, 58]) but not discussed in
detail.
In the present work, as in Refs. [28, 30], the static
amplitude V˜ of Eq. (6) is derived from the covariant
energy density functional E[R] with the parameter set
NL3 [57] as a one-meson exchange interaction with a
non-linear self-coupling between the mesons. As in Ref.
=
FIG. 2: The 4-component Green’s function in the diagram-
matic representation.
[28], pairing correlations are introduced into the rela-
tivistic energy density functional as an independently pa-
rameterized term in the form of a monopole interaction
with constant G matrix elements. In the BSE the set
of the quasiparticle variables is doubled and therefore
we have a formulation in terms of 4-component Green’s
functions, as explained above. In the 2q⊗phonon version
of the RQTBA the frequency-dependent residual interac-
tion Φ(ω) is related to the quasiparticle-phonon coupling
self-energy by the consistency condition and calculated
within the quasiparticle time blocking approximation.
This approximation means that, due to the time projec-
tion in the integral part of the BSE, the two-body propa-
gation through states with a more complicated structure
than 2q⊗phonon is blocked [46]. The diagrammatic rep-
resentation of the 2q⊗phonon amplitude is shown in the
upper line of Fig. 3.
In order to go a step further, notice, that in the
time blocking approximation the energy-dependent res-
onant part of the two-quasiparticle amplitude Φ(ω) can
be factorized in a special way [46]. Namely, the two-
quasiparticle intermediate propagator, appearing as the
two uncorrelated quasiparticle lines between the phonon
emission and absorption vertices in the upper part of the
Fig. 3, can be extracted. Thus, in the relativistic QTBA
the amplitude Φ(ω) takes the following form:
Φηk1k4,k2k3(ω) =
∑
k5k6,µ
ζ µηk1k2;k5k6 R˜
(0)η
k5k6
(ω−ηΩµ) ζ
µη∗
k3k4;k5k6
,
(12)
where R˜
(0)η
k5k6
(ω − ηΩµ) are the matrix elements of the
two-quasiparticle propagator in the mean field with the
frequency shifted forward or backward by the phonon
energy Ωµ,
ζ
µ(+)
k1k2;k5k6
= δk1k5 γ
(−)
µ;k6k2
− γ
(+)
µ;k1k5
δk6k2 ,
ζ
µ(−)
k1k2;k5k6
= δk5k1 γ
(+)∗
µ;k2k6
− γ
(−)∗
µ;k5k1
δk2k6 , (13)
so that
ζ
µ(−)
k1k2;k5k6
= −ζ
µ(+)∗
k2k1;k6k5
. (14)
In Eq. (13) and below we use a shorthand notation for
the phonon amplitudes involved in the present work:
γηµ;k1k2 = γ
η1η2
µ;k1k2
δηη1δηη2 , η = (±) (15)
where the vertices γη1η2µ;k1k2 determine the coupling of the
quasiparticles to the collective vibrational state (phonon)
µ. In the conventional version of the quasiparticle-
vibration coupling model these vertices are derived from
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FIG. 3: The correspondence between the 2q⊗phonon amplitude Φ of the conventional phonon coupling model and the two-
phonon amplitude Φ¯ of the two-phonon model in a diagrammatic representation. Solid lines with arrows and Latin indices
denote the single-quasiparticle nucleonic propagators, wavy curves with Greek indices show the phonon propagators, empty
circles represent phonon vertices, and grey circles with the two attached nucleonic lines denote the RQRPA transition densities
(see text).
the corresponding RQRPA transition densities Rµ and
the static effective interaction as
γη1η2µ;k1k2 =
∑
k3k4
∑
η
V˜
η1,−η,η2,η
k1k4,k2k3
Rηµ;k3k4 (16)
where V˜ η1η4,η2η3k1k4,k2k3 is the matrix element of the amplitude
V˜ of Eq. (6) in the basis {|ψ
(η)
k 〉}. The matrix elements
of the phonon transition densities are calculated, in a
first approximation, within the relativistic quasiparticle
random phase approximation [24]. In the Dirac-Hartree-
BCS basis {|ψ
(η)
k 〉} it has the following form:
Rηµ;k1k2 = R˜
(0)η
k1k2
(Ωµ)
∑
k3k4
∑
η′
V˜ ηη
′
k1k4,k2k3
Rη
′
µ;k3k4
, (17)
where V˜ ηη
′
k1k4,k2k3
= V˜ η,−η
′,−η,η′
k1k4,k2k3
. This means that we cut
out the components of the tensors in the quasiparticle
space, which are relevant for the particle-hole channel.
In the graphic expression of the amplitude (12) in the
upper line of the Fig. 3 the uncorrelated propagator R˜
(0)η
k1k2
is represented by the two straight nucleonic lines be-
tween the circles denoting emission and absorption of the
phonon by a single quasiparticle with amplitudes γη1η2µ;k1k2 .
The approach to the amplitude Φ(ω) expressed by the
Eq. (12) represents a version of first-order perturbation
theory compared to RQRPA and the amplitude Φ(ω) of
Eq. (11) is the first-order correction to the effective inter-
action V˜ , because the dimensionless matrix elements of
the phonon vertices are such that γη1η2µ;k1k2/Ωµ ≪ 1 in most
of the physical cases. The phonon-coupling term Φ gen-
erates fragmentation of nuclear excited states. For giant
resonances this fragmentation is the source of the spread-
ing width and in the low-energy region below the neutron
threshold this term is responsible almost solely for the
appearing strength. In the relativistic framework, this
was confirmed and extensively studied [28, 30] and veri-
fied by comparison to experimental data [31, 32]. How-
ever, a comparison with high-resolution experiments on
the dipole strength below the neutron threshold has re-
vealed that although the total strength and some gross
features of the strength are reproduced well, the fine fea-
tures are sensitive to the truncation of the configuration
space by 2q⊗phonon configurations and further exten-
sions of the method are due. The first possible extension
of this model uses the idea proposed in Ref. [46]. It is
based on the factorization of Eq. (12): the uncorrelated
propagator R˜(0)η in Eq. (12) is replaced by the positive-
(η = +1) or the negative- (η = −1) frequency part of a
correlated one which, in first order approximation, is the
antisymmetrized RQRPA propagator R(RQRPA)η. In-
stead of the amplitude Φ, we have the new amplitude
Φ¯:
Φ¯ηk1k4,k2k3(ω) =
1
2
∑
k5k6,k5′k6′µ
ζ µηk1k2;k5k6
× R
(RQRPA)η
k5k6′ ,k6k5′
(ω − ηΩµ) ζ
µη∗
k3k4;k5′k6′
. (18)
The factor 1/2 in Eq. (18) appears due to the antisym-
metrization of Eq. (12) as was explained in Ref. [46].
This antisymmetrization implies that the following equa-
tions are fulfilled
R
(RQRPA)η
k1k4,k2k3
(ω) = −R
(RQRPA)η
k2k4,k1k3
(ω)
= −R
(RQRPA)η
k1k3,k2k4
(ω) (19)
which are not valid for the uncorrelated propagator R˜(0)η.
By this substitution, we introduce RQRPA correlations
into the intermediate two-quasiparticle propagators, i.e.,
in diagrammatic language, we perform the operation
shown in Fig. 4. Thus, two-phonon configurations ap-
pear in the amplitude Φ(ω) as it is clear from the dia-
grammatic representation of the new amplitude Φ¯ shown
in the bottom line of Fig. 3. The analytic expression of
this amplitude reads:
Φ¯ηk1k4,k2k3(ω) =
1
2
∑
µ,ν
ζ¯ ηµν;k1k2 ζ¯
η∗
µν;k3k4
η ω − Ωµ − Ων
, (20)
where
ζ¯
(+)
µν;k1k2
=
∑
k6
R
(+)
ν;k1k6
γ
(−)
µ;k6k2
−
∑
k5
γ
(+)
µ;k1k5
R
(+)
ν;k5k2
6 k 
6
 ν 
 k 
6  k 6‘
 k 
5
 k 
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 k 
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FIG. 4: Replacement of the uncorrelated two-nucleon prop-
agator by the correlated one. Grey circles with the two at-
tached nucleonic lines and wavy curve denote the RQRPA
transition densities and the phonon propagator, respectively.
ζ¯
(−)
µν;k1k2
= ζ¯
(+)∗
µν;k2k1
, (21)
andRην;k1k2 are the matrix elements of the RQRPA tran-
sition densities defined in Eq. (17) and corresponding to
grey circles together with two nucleonic lines in Fig. 3.
One can show that in the limit of vanishing static in-
teraction V˜ between the two intermediate quasiparticles
Eq. (20) transforms to the antisymmetrized Eq. (12) of
the original (R)QTBA. As in conventional (R)QTBA, the
elimination of double counting effects in the phonon cou-
pling is performed by the subtraction of the static contri-
bution of the amplitude Φ¯ from the residual interaction
in Eq. (11), since the parameters of the CEDF have been
adjusted to experimental data for ground states and in-
clude therefore already essential phonon contributions to
the ground state. Therefore, the BSE in the two-phonon
model has the same form as Eq. (9), but it contains the
amplitude Φ¯ instead of Φ.
The calculations are performed in the following four
steps: (i) The RHB equation (7) is solved to deter-
mine the single-quasiparticle energies and wave functions.
These wave functions serve as a working basis for the sub-
sequent calculations. (ii) The phonon frequencies, their
coupling vertices γη and the transition densities Rη are
calculated within the self-consistent RQRPA using the
static residual interaction V˜ . (iii) The BSE for the cor-
related propagator R(e)(ω)
R
(e)η
k1k4,k2k3
(ω) = R˜
(0)η
k1k2
(ω)δk1k3δk2k4 +
+R˜
(0)η
k1k2
(ω)
∑
k5k6
[
Φ¯ηk1k6,k2k5(ω)− Φ¯
η
k1k6,k2k5
(0)
]
×
×R
(e)η
k5k4,k6k3
(ω), (22)
is solved in the Dirac-Hartree-BCS basis; (iv) the BSE
for the full response function R(ω)
Rηη
′
k1k4,k2k3
(ω) = R
(e)η
k1k4,k2k3
(ω)δηη
′
+
∑
k5k6k7k8
R
(e)η
k1k6,k2k5
(ω)
×
∑
η′′
V˜ ηη
′′
k5k8,k6k7
Rη
′′η′
k7k4,k8k3
(ω) (23)
where
Rηη
′
k1k4,k2k3
(ω) = Rη,−η
′,−η,η′
k1k4,k2k3
(ω),
V˜ ηη
′
k1k4,k2k3
= V˜ η,−η
′,−η,η′
k1k4,k2k3
, (24)
is solved in the momentum-channel representation which
is especially convenient because of the structure of the
one-boson exchange interaction. The details are given
below.
III. BETHE-SALPETER EQUATION IN THE
COUPLED FORM
For the spherically symmetric case Eq. (22) is formu-
lated in terms of the reduced matrix elements with the
transferred angular momentum J , i.e. in the so-called
coupled form, as follows:
R
(e)J,η
(k1k4,k2k3)
(ω) = R˜
(s)J,η
(k1k4,k2k3)
(ω) +
+R˜
(0)η
(k1k2)
(ω)
∑
(k6≤k5)
[
Φ¯
(s)J,η
(k1k6,k2k5)
(ω) − Φ¯
(s)J,η
(k1k6,k2k5)
(0)
]
×
× R
(e)J,η
(k5k4,k6k3)
(ω).(25)
The index ”(s)” implies here that the corresponding ma-
trix elements are symmetrized with respect to one non-
conjugated and one conjugated quasiparticle index. Such
a symmetrization allows a shortened summation in the
integral part of the Eq. (25) and simplifies, to some ex-
tent, the numerical calculations. The symmetrized ma-
trix elements of the mean field propagator R˜(s) and of the
two quasiparticles-phonon coupling amplitude Φ(s) have
the following form:
R˜
(s)J,η
(k1k4,k2k3)
(ω) = R˜
(0)η
(k1k2)
(ω)×
×
[
δ(k1k3)δ(k2k4) + (−)
φ12δ(k1k4)δ(k2k3)
]
, (26)
Φ¯
(s)J,η
(k1k4,k2k3)
(ω) =
1
1 + δ(k3k4)
×
×
[
Φ¯J,η(k1k4,k2k3)(ω) + (−)
φ12Φ¯J,η(k2k4,k1k3)(ω)
]
, (27)
where φ12 = J + l1 − l2 + j1 − j2. The reduced matrix
elements of the phonon coupling amplitudes for the two-
phonon model can be expressed as:
Φ¯J,η(k1k4,k2k3)(ω) =
1
2(2J + 1)
∑
(µ,ν)
ζ¯η(µν;k1k2)ζ¯
η∗
(µν;k3k4)
ηω − ωµ − ων
,
(28)
ζ¯
(+)
(µν;k1k2)
= (−1)j1+j2 ×
×
[∑
(k6)
γ
(−)
(µ;k6k2)
R
(+)
(ν;k1k6)
{
Jµ Jν J
j1 j2 j6
}
−(−1)Jµ+Jν+J
∑
(k5)
γ
(+)
(µ;k1k5)
R
(+)
(ν;k5k2)
{
Jν Jµ J
j1 j2 j5
}]
,
ζ¯
(−)
(µν;k1k2)
= (−1)Jµ+Jν+J ζ¯
(+)
(µν;k2k1)
. (29)
7Then, the BSE for the full response function R(ω)
RJ,ηη
′
(k1k4,k2k3)
(ω) = R
(e)J,η
(k1k4,k2k3)
(ω)δηη
′
+
∑
(k6≤k5)
×
×
∑
(k8≤k7)η′′
R
(e)J,η
(k1k6,k2k5)
(ω)V˜ J,ηη
′′
(k5k8,k7k6)
RJ,η
′′η′
(k7k4,k8k3)
(ω)
(30)
is solved in both Dirac-Hartree-BCS and momentum-
channel representations. This latter representation is
especially convenient for numerical solution of the BSE
with the static effective interaction V˜ of the one-boson
exchange type. The expressions for the reduced matrix
elements V˜ J,ηη
′′
(k5k8,k7k6)
of this interaction in doubled quasi-
particle space and further details are given in the Ap-
pendix C of Ref. [28]. The resulting linear response
function R(ω) contains all the information on the nuclear
response to external one-body operators. To describe the
observed spectrum of a nucleus excited by a sufficiently
weak external field P as, for instance, an electromag-
netic field, one has to make a double convolution of the
response function with this field. The reduced matrix el-
ements of the external field operator have the following
general coupled form:
P
(p)J,η
(k1k2)
=
∑
LS
δη,1 + (−1)
Sδη,−1√
1 + δ(k1k2)
ηS(k1k2) ×
×〈(k1) ‖ P
(p)J
LS ‖ (k2)〉, (31)
where the index (p) contains all possible quantum num-
bers other than those concretized here. The factors
ηS(k1k2) are the conventional factors [59] determined by
combinations of the quasiparticle occupation numbers
uk, vk:
ηS(k1k2) =
1√
1 + δ(k1k2)
(
uk1vk2 + (−1)
Svk1uk2
)
(32)
obtained as a solution of Eq. (7). Such combinations
arise due to symmetrization in the integral part of the
Eq. (30), which enables one to take each 2q-pair into
account only once because of the symmetry properties of
the reduced matrix elements V˜ J,ηη
′′
(k5k8,k7k6)
.
The double convolution of the response function with
the external field operator defines the quantity called nu-
clear polarizability:
ΠP (ω) =
∑
(k2≤k1)η
∑
(k4≤k3)η′
P
(p)J,η∗
(k1k2)
× RJ,ηη
′
(k1k4,k2k3)
(ω)P
(p)J,η′
(k3k4)
(33)
which determines the microscopic strength function S(E)
as:
S(E) = −
1
pi
lim
∆→+0
ImΠP (E + i∆). (34)
In the calculations a finite imaginary part ∆ of the energy
variable is introduced for convenience in order to obtain
a smoothed envelope of the spectrum. This parameter
introduces an additional artificial width for each excita-
tion. This width emulates effectively contributions from
configurations higher than 4q and the coupling to the
continuum, which are not taken into account explicitly
in our approach.
IV. RESULTS AND DISCUSSION
To illustrate the effect of the two-phonon correlations
on spectra of nuclear excitations, we consider the dipole
response of tin and nickel isotopes in the energy region
below the giant dipole resonance (GDR). Fig. 5 displays
the electromagnetic dipole strength functions in 116,120Sn
calculated within conventional RQTBA [28] and two-
phonon RQTBA-2 presented here. The strength func-
tions obtained in this way are compared with the original
RQRPA strength function because both of them orig-
inate from RQRPA by different fragmentation mecha-
nisms. The first observation is that the total strength∑
B(E1) ↑ below the neutron threshold is reduced in
RQTBA-2. For example, for 116Sn we have 0.20 e2 fm2
below 8 MeV which agrees with 0.204(25) e2 fm2 obtained
in the experiment of Ref. [60]. For 120Sn, if we include the
relatively strong state at 8.08 MeV into the integration
region, this quantity is 0.31 e2 fm2, in agreement with
the results of the quasiparticle phonon model (QPM) of
0.289 e2 fm2 [61]. One also notices that in both nuclei the
major fraction of the RQRPA pygmy mode shown by the
dashed curve is pushed up above the neutron threshold
by the RQTBA-2 correlations.
The energies, the corresponding B(E1) ↑ values and
the Rω values defined as Rω = ω(1
−
1 )/
(
ω(2+1 ) + ω(3
−
1 )
)
for the lowest 1− states in the tin isotopes are listed in Ta-
ble I. The experimental energies, B(E1) ↑ and Rω values
are taken from Refs. [33, 38, 39, 60, 62] where they were
extracted from photon scattering data. The results ob-
tained within QPM are included for comparison. Notice,
that the measurements with larger end point energies for
the electron bremsstrahlung result in larger B(E1) ↑ val-
ues [39, 60, 62]. Fig. 6 shows the results obtained for
the energies and reduced transition probabilities B(E1)↑
in the chain of tin isotopes 112,116,120,124Sn within the
relativistic two-phonon model. The obtained results are
compared to the same sets of data as in the Table I.
One can see that the RQTBA-2 results for the 1−1 states
in 112,116,120,124Sn are in a better agreement to the data
obtained with larger end point energies while the QPM
results rather support another data set. For 112,124Sn,
however, the QPM transition probabilities are too small.
In RQTBA-2, the position of the first 1− state is ba-
sically defined by the sum of the energies of the lowest
2+ and 3− phonons. From the Eq. (20) one can see that
the amplitude Φ¯(ω) consists of the pole terms with the
poles at the energies which are sums of the two phonon
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9TABLE I: The energies, reduced transition probabilities and
anharmonicities of the lowest 1− states in 112,116,120,124Sn iso-
topes calculated in the relativistic two-phonon model, com-
pared to data of Refs. [33, 38, 39, 60, 62] and to QPM calcu-
lations of Ref. [38], see text for details.
ω(1−1 ) B(E1)↑ Rω
(MeV) (10−3 e2 fm2)
RQTBA-2 3.85 26.12 0.98
112Sn QPM 3.24 1.6
Exp. [38] 3.43 10.7(12) 0.95
Exp. [39] 3.43 15.0(10)
RQTBA-2 2.66 14.33 0.94
116Sn QPM 3.35 8.2
Exp. [33] 3.33 6.55(65) 0.94
Exp. [39, 60] 3.33 16.3(9)
RQTBA-2 3.23 15.90 0.95
120Sn QPM 3.32 7.2
Exp. [33] 3.28 7.60(51) 0.92
Exp. [62] 3.28 11.2(11)
RQTBA-2 3.98 12.91 0.97
124Sn QPM 3.57 3.5
Exp. [33] 3.49 6.1(7) 0.93
Exp. [39, 60] 3.49 10.0(5)
energies. Thus, the energy of the first 1− state is approx-
imately equal to the sum of the energies of the lowest 2+
and 3− phonons with some relatively small negative cor-
rection introduced by the static residual interaction V˜ .
Similar conclusions follow from the analysis of the ex-
perimentally observed energies of the lowest 2+, 3− and
1− states, see a discussion in Ref. [33]. The above men-
tioned correction is quantified by the value of Rω, whose
deviation from unity characterizes the two-phonon an-
harmonicity, see Table I. In particular, in 120Sn the en-
ergies of the 2+1 and 3
−
1 phonons calculated within the
RQRPA are obtained at 1.48 MeV and 1.90 MeV, re-
spectively, and the 1−1 state appears at 3.23 MeV in the
two-phonon approach. Thus, the quality of description
of the first 1− two-phonon state is mainly determined by
the quality of description provided by the RQRPA for
the 2+1 and 3
−
1 phonons, namely, their energies and cou-
pling vertices. In the cases of vibrational nuclei, these
quantities are reasonably well described by the RQRPA,
however, the description could be further improved by in-
clusion of correction beyond RQRPA. A relatively small
anharmonicity allows an identification of the first exper-
imentally observed 1− state as a member of the 2+1 ⊗ 3
−
1
quintuplet. Theoretically, we have shown that this state
appears solely due to the inclusion of the two-phonon cor-
relations and does not appear in the spectra calculated
within the conventional RQTBA, although 2q⊗phonon
”prototypes” of this two-phonon state are present in the
RQTBAmodel space at higher energies. One can see that
for the lowest 1− state in the considered chain of even-
even tin isotopes the obtained agreement of the RQTBA-
2 results with the available data is very good in spite of
the fact that this tiny structure at about 3 MeV origi-
nates by the splitting-out from the very strong RQRPA
pygmy mode located at the neutron threshold, due to
the two-phonon correlations included consistently with-
out any adjustment procedures. The low-lying elec-
tromagnetic dipole strengths in neutron rich 68,70,72Ni
isotopes are displayed in Figs. 7,8. Fig. 7 shows the
RQTBA-2 strength functions compared to the RQTBA
and the original RQRPA, and Fig. 8 shows the RQTBA-2
strength distributions calculated with different smearing
parameters so that the fine structure of the strength can
be analyzed. In contrast to the case of tin isotopes, in
the considered Ni isotopes almost the whole pygmy dipole
resonance is located above the neutron threshold. For all
three isotopes we found a redistribution and weaker frag-
mentation of the low-lying strength in RQTBA-2 com-
pared to the RQTBA calculations of Ref. [30]. The cal-
culated strength distribution in 68Ni has its maximum
at 10.30 MeV and the total strength below 12 MeV is
2.73 e2 fm2, while the corresponding fraction of the en-
ergy weighted sum rule (EWSR) is 7.8% of the total in-
tegrated photoabsorption cross section and 11% of the
Thomas-Reiche-Kuhn sum rule. These characteristics
are in agreement with those extracted from the recent
data reported in Ref. [14] which are also included in Fig.
8. The data are given for the differential cross section, so
that the shape of the measured distribution can be com-
pared to the theoretical strength. The RQTBA-2 dipole
strength distributions for the 70,72Ni isotopes can be sug-
gested as predictions for possible future measurements in
these nuclei. One can see that with the increase of the
neutron number the total strength increases and the cen-
troid of the pygmy dipole resonance shifts toward lower
energy, however, this evolution is very smooth within the
considered isotopic chain. The reason is the occupation
of the 1g9/2 intruder orbit in the neutron subsystem, as
it has been discussed in Ref. [30].
By construction, the relativistic two-phonon model
represents a step forward as compared to the conven-
tional RQTBA which includes up to 2q⊗phonon config-
urations. The inclusion of the additional two-phonon cor-
relations in the two-quasiparticle propagators provides a
further improvement for the description of the fine struc-
ture of the low-lying strength. Additional correlations
between the quasiparticles redistribute the strength func-
tions because the poles of the essentially different two-
phonon character appear in the two-quasiparticle prop-
agator. Notice, that the physical content of the two-
phonon RQTBA reminds the two-phonon quasiparticle-
phonon model (QPM) [34], however, a one-to-one corre-
spondence between these models has not been established
yet and has to be a subject of further considerations.
Both RQTBA and RQTBA-2 models are limited
by 4q configurations and, thus, represent, conceptu-
ally, the same level of description in general terms of
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the configuration complexity. In the RQTBA, each
two-quasiparticle configuration couples to 2q⊗phonon
states and in RQTBA-2 the latter contains the addi-
tional coupling between the 2q to a phonon forming a
phonon⊗phonon configuration. Thus, on the same 4q
level of configuration complexity the above mentioned
two types of coupling appear, containing phonon de-
grees of freedom. Most probably, the differences between
RQTBA and RQTBA-2 results occur because of their
limitations in terms of the configuration space. On a
higher level of configuration complexity involving six and
more quasiparticles the differences between the coupling
schemes are expected to be less pronounced. This will be
clarified in the future studies.
V. SUMMARY
Summarizing, the two-phonon version of the relativis-
tic time blocking approximation is presented. Within
this model, it has been shown how the RQRPA modes
are fragmented due to the coupling to two-phonon con-
figurations, thus explaining, in particular, the physical
connection between the pygmy dipole mode and the 1−
member of the 2+1 ⊗ 3
−
1 quintuplet. A very reasonable
description of the lowest 1− states in 112,116,120,124Sn has
been achieved within a fully consistent approach with-
out introducing any adjustable parameters. The result-
ing low-lying dipole spectra in 116,120Sn are compared
with conventional RQTBA calculations. It is found that
the two-phonon correlations redistribute the fragmented
strength as compared to the 2q⊗phonon RQTBA so that
the major fraction of the RQRPA pygmy mode is pushed
above the neutron threshold and therefore mixed with the
giant dipole resonance tail. The calculated low-energy
fraction of the electromagnetic dipole strength agrees also
very well with the available data for the tin isotopes and
for the recently investigated neutron-rich nucleus 68Ni.
In general, the relativistic two-phonon model presented
here provides a new quality of understanding of mode
coupling mechanisms in nuclei and opens the way for
inclusion of higher-order correlations in the nuclear re-
sponse function. As the method is based on Green’s
function techniques, it can be widely applied also in other
areas of quantum many-body physics.
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